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One- and two-center Coulomb-type integrals of the form

,[[N’ L; M]alol,zl:Nl, L', M’]bzdnd‘rz,

where Oy and O; are the two-particle operators 37157332122 —r12?) and 3r157° (12— y15), respectively, needed
in the evaluation of zero-field splitting, are evaluated in closed analytical form.

1. INTRODUCTION

HERE has been much concern recently over the
origin and calculation of the three component
levels of a triplet state in a molecule even when no
external flelds are present.'™® It is now clear that this
zero-field splitting of the spin multiplet is a manifesta-
tion of pure spin-spin interaction and can be repre-

* Supported by NASA Contract No. NAS 7-100.
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sented by the Hamiltonian® term

legzﬁzz{si'ji _3(Si‘rij) (8j*ry;) }’ (1)

i<sl ¥ij 7i

where g is the gyromagnetic ratio, 8 is the Bohr mag-
neton, 8; is the spin vector of the 7th electron (in units
of ), and r;; is the position vector connecting electrons
iand 7.

To obtain the matrix elements of H’ over a basis con-
sisting of general atomic orbitals (AQ’s) on Atom g,
Xa, Xa » and AO’s on Atom b, xs, x5’, we can reduce the
calculation to the evaluation of the following two types
of two-center Coulomb-type integrals®® (see Fig. 1 for

Y A. D. MacLachlan, Mol. Phys. 6, 441 (1963); H. A. Bethe
and E. E. Saipeter Quanium Mechanics of One- and Two-Electron
Atoms (Academic Press Inc., New York, 1957), p. 181,

© Two-center exchange type integrals also appear, but as they
cannot be evaluated by the methods of this paper, they will be
ignored for the present.
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TaBLE 1. Transforms of [N, L, M] for N=1, 2, 3.

[1ST=pH(#+4)

[25]'=(1/3) p*[4p* (R + %) = — (B*+p*) 2]

[2P=T
[2PIITF

[2PTIIT

Py (cosu)
=2ikpP(R* %)% Py!(cosu) cosv

Py (cosu) sinv

[3STF = poL2g (44)~— (#+£)~]

[3PZTF

P;(cosu)

[3PIIT { = (2/5)ikp*[6p* (K24 p*) ~4— (B4 p2)~3] { Py}(cosu) cosv

Bpo”
[3D=Z]F

[3DI*

Py!(cosu) siny
2V3 Py(cosu)

2P, (cosu) cosv

[3DILT™ | = (2/9)V3p[p2 (k2 p?)~— (R4 p2 1] t 2Pyt (cosu) sinv

[3DATT

[3DATF

Pg?(cosu) cos2v

Ps?(cosu) sin2v

the appropriate notation) :

b= [xa(L)x' (1) (D) (2)dradrs;

l= fXa(l)xa'(l)Osz(Z)Xb'(Q)dndm (2)

where O; and 0; are the following two-particle operators
0= %7’ 190 (322 — r122) =13 Py (C05912) H
02= 311573 (%102 — y12?) =122 P2 (cosbye) €052¢1a. (3

In what follows, we consider all the possibilities that
arise from the use of Slater AQ’s with arbitrary values
for the effective nuclear charges and with principal
quantum numbers 1 and 2. All these integrals for the
two-center case (as well as the one-center case) are
obtained in closed analytical form here. Other authors
have attempted to approximate these integrals by
using Gaussian AO’s? or point charge formulas*?® in the
two-center cases, and only special one-center casest®!
have been done analytically, but to the author’s
knowledge, no systematic study is available.

1 R. M. Pitzer, C. W. Kern, and W. N. Lipscomb, J. Chem.
Phys. 37, 267 (1962).

II. CHOICE OF ORBITALS AND METHOD OF
EVALUATION

We adhere as closely as possible to the notation,
choice of AQ’s, units, and coordinate system as used by
Roothaan.”? Rather than using Slater atomic orbitals
(n, I, m) directly in the evaluation of the integrals of
Eq. (2), we evaluate the integrals /; and I, over basic
charge distributions'? [N, L, M].

ELECTRON

ELECTRON

b2

R
Fig.1 COORDINATE SYSTEM

a b
CENTER CENTER

F1e. 1. Coordinate system.

2C. C. J. Roothaan, J. Chem. Phys. 19, 1445 (1951).
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TasLe II. Integrals I) over auxiliary functions 4 and B.

[18a] 1] 18]=(2/3) 7 'p.*pst A (2; 2, 2)
(182 [1]28]=(2/9) m7'ptpe[4p°A (252, 3) = A4(2; 2, 2) ]
[18a]1]38,]=(2/3) 77 pa*pu’[ 2924 (2; 2, 4) — A(2; 2, 3) ]
(25211 ]28,]=(2/27) 7 1p pei[16pa2ps2 A (25 3, 3) —4p.2(2; 3, 2) —4ps2A (252, 3)+4(2; 2, 2) ]
[25.11]385]=(2/9) 79, pes[8pa2p2 4 (2; 3, 4) —4pa2A (253, 3) —2p24 (25 2, 4) + A(2; 2, 3) ]
(38521 1] 38,]=(2/3) 7 paSpuS[4pa2pit A (2; 4, 4) —2pa2A (254, 3) —2p24(2; 3, 4)+ A (2; 3, 3)]
| (1Sa] 1] 2PZ]=(4/15) 7 1ptp®[3B(3; 2, 3) —2B(1;2, 3) ]
[15.] 1| 3P2,]=(4/75) mp. p[18ps2B(3; 2, 4) —3B(3; 2, 3) —12p,2B(1; 2, 4) +2B(1; 2, 3) ]
[2S.| 1| 2P2y]=(4/45) 7 1p. o[ 12p:2B(3; 3, 3) —3B(3; 2, 3) —8p.2B(1; 3, 3) +2B(1; 2, 3)]

[25. | 1]3PZ,]= (4/225) mipipsL 720202 B(3; 3, 4) —12p,2B(3; 3, 3) —18p2B(3; 2, 4) +3B(3; 2, 3)
—48p.p*B(1; 3, 4) +8p.2B(1;'3, 3) +12p°B(1; 2, 4) —2B(1; 2, 3) ]

(385, ] 1] 2P2]= (4/15) 7 'p.Sp[6p.2B(3; 4, 3) —3B(3; 3, 3) —4p.2B(1; 4, 3)+2B(1; 3, 3) ]

[3S. | 113P2]=(4/75) 7 pa5p"[ 360202 B(3; 4, 4) —6p2B(3; 4, 3) —18p,2B(3; 3, 4) +3B(3; 3, 3)
—24p2p2B(1; 4, 4) +4p2B(1; 4, 3)+12p2B(1; 3, 4) —2B(1; 3, 3) ]

[15.]1]3DZ]=—(8/9) 7 'pa*p'[ (18/35) {p?4 (4; 2, ) = 4(4; 2, 3)} — (2/ ) {p* A (25 2, 4) — 4(2; 2, 3) }
+(1/5) {$°4(0; 2,4) —4(0;2, 3) } ]

[2Sa | 1]3DZ]=—(8/27) x'ppu*[(18/35) {4pa2ps?A (4; 3, 4) —4p2A (4; 3,3) —p? A (4;2,4)+ A (4; 2, 3) }
—(2/7) {4p’ps* A (2; 3, 4) —4p24(2;3,3) — pPA(2; 2, 4) +A4(2; 2, 3) |
+(1/5) {49792 A (0; 3, 4) —4p2A(0;3,3) —p°4(0; 2, 4) +4(0; 2, 3) } ]

[3Sa[1[3DZ,]=—(8/9) 77'p"p [ (18/35) {2p2p* A (4; 4, 4) —2p2A (4,4, 3) —pPA(4; 3, 4) + 4 (4; 3, 3)}
— (/1) {2p5p° A (254, 4) —2p2A(2;4,3) —pPA(2; 3, 4)+ A(2; 3, 3) }
3)1]

+(1/5) {20074 (0; 4, 4) —2p2A(0; 4, 3) — p°4(0; 3, 4) + 4(0; 3,

[2PZ. | 1] 2P2]=—(8/3) n'pp’[ (12/35) {p2 4 (4; 3, 3) — A (4; 2, 3) } — (11/21) {p24(2; 3, 3) — 4(2; 2, 3)}
+(2/15) {p,A4(0; 3,3) —4(0;2,3)} ]

[2PZ. [ 1]3PZ]=—(8/15) m'pa’pi’[ (12/35) {6ps*A (4; 3, 4) —Tp? A (4; 3, 3)+ A (4; 3, 2) }

—(11/21) {6p5*4(2; 3, 4) —Tp2A(2;3,3)+ 4(2;3,2)}
+(2/15) {692 4(0; 3, 4) — 792 4(0; 3, 3) +4(0; 3, 2) } ]

[3PZ, | 1| 3PZs]=—(8/75) n'p5p°[(12/35) {36pa2ps A (4; 4, 4) —42p2ps2 A (4; 4, 3)
F6p2A (434, 2) —6pA (4; 3, 4) +TpPA(4;3,3) ~A(4; 3, 2)}
—(11/21) {36,204 4(2; 4, 4) — 429252 A (2; 4, 3) +-6p2 A (2; 4, 2) ~6p*A(2; 3, 4)
FTpEA(233,3) = A(2;3,2) )+ (2/15) {36920 4 (0; 4, 4) —42p.2p2 4 (0; 4, 3)
F6p24(0;4, 2) —6p4 (0; 3, 4)+Tp2A(0; 3, 3) —4(0;3,2)}]

[2P2. | 1]3D2,]=—(16/9) np 5L (2/7) (p2B(5;3,4) = B(5;3, 3) } — (2/5) {pB(3; 3,4) —B(3; 3, 3)}
+(11/35) {p*B(1; 3,4) —B(1;3, 3)}]
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TasLE I1 (Continued)

[3PZ.|1|3DZ]= — (16/45) 7= p5ps?[(2/7) {6pa°p*B(5; 4, 4) —6pa*B(5; 4, 3) — p*B(S; 3, 4) +B(S; 3, 3) }
—(2/5) [6p2p2B(3; 4, 4) —6p.2B(3; 4, 3) —p2B(3; 3,4) +B(3; 3, 3) }
+(11/35) {6pa2p*B(1; 4, 4) —6p2B(1; 4, 3) —p*B(1; 3, 4) +B(1; 3, 3)} |

[3DZ, ] 1]3DZ,]=(32/27) 7 1pSpuSL (18/77) {p2pi2 A (6; 4, 4) — p2A(6; 4, 3) —p2 A (6; 3, 4) 4+ 4(6; 3, 3)}
—(108/385) { pa2ps? A (4; 4, 4) —p2A (454, 3) — 24 (4;3,4)+ 4(4;3,3)}
+3/T) (P25 A(2; 4, 4) —p2A(2;4,3) —p?4(2; 3, 4)+A(2; 3, 3) }
- (2/35) {Pu2szA (0: 4; 4) _Pa2A (0; 4: 3) —?bzA (0: 3? 4) +A- (0; 3; 3) }]

[2PIL | 1{2PIL,]=(4/3) 7 'pp[ (12/35) {p.2A(4; 3, 3) — A (4; 2, 3)}+(10/21) {p*4(2; 3, 3) —4(2; 2, 3) }
+(2/15) {$24(0; 3, 3) — 4(0; 2, 3)}

=[2PI, | 1|2PII]

[2P10. | 1| 3PI,]=(4/15) 7' pip°[ (12/35) {6pu' A (4; 3, 4) —TpstA (4,3, 3) +4(4; 3, 2) }
+(10/21) {6p4'A (25 3, 4) —7p?4(2; 3, 3)+4(2; 3, 2) }
+(2/15) {644 (0; 3, 4) —TpA(0; 3, 3)+4(0;3,2) } ]

=[2P1, | 1]3P0,]

[3PIL | 1| 3PI,]=(4/75) 7 p5ps[ (12/35) {36p2p A (4; 4, 4) —42p2p2 A (4; 4, 3)
+6p2A(4;4,2) —6pstA(4;3,4)+Tp2A(4;3,3) —A(4;3,2)}
+(10/21) (369295 A (2; 4, 4) —42p2p2 A (2; 4, 3) +6p24(2; 4, 2) —6p4(2; 3, 4)
+Tp2A(2;3,3) —A(2;3,2) }+(2/15) {36p.2p5* 4 (05 4, 4) —42p.2p" 4(0; 4, 3)
+6p.24(0;4,2) —6p24(0; 3,4)+7p:2A4(0;3,3) —A4(0;3,2)}]

=[3PIL, | 1] 3PII,]

[2PI. | 1]3DIL]= (8/21)V37~'p5p [ (4/7) {B(5; 3, 4) —B(S; 3, 3) }+(2/5) (2B (3; 3,4) —B(3; 3, 3) }
—(6/35) {#*B(1; 3,4) —B(1;3,3)}]

=[2PII, |1} 3DIL,]

[3PIL | 13D, ]= (8/135)V3 7 'p ;[ (4/7) {6p.°p5*B(S; 4, 4) —6p2B(5; 4, 3) — p*B(5; 3, 4) +B(5; 3, 3) }
+(2/5) {6p2p*B(3; 4, 4) —6p4*B(3; 4, 3) —p*B(3; 3, 4)+B(3; 3, 3) }
—(6/35) {6pa"p*B(1; 4, 4) —6p2B(1; 4, 3) —p*B (153, 4)+B(1; 3, 3)} ]

—[3P10, | 1| 3DI,]

[3DIL. | 1 | 3DI,]= — (16/81) w=ip.Sp[(12/77) {p2p2A (6 4, 4) —p2A(6; 4, 3) —p2 A (6; 3, 9) + 4 (6; 3, 3)
—(36/385) {p2pi A (4; 4, 4) —p2A(4; 4, 3) — p2A(4; 3, 4)+ A (4; 3, 3) |
—(6/T) (P22 A (2; 4, 4) — p2A(2; 4, 3) — pA (233, 4)+ 4(2; 3, 3) |
+(6/35) {pa2pi2A (05 4, 4) — p2A (05 4, 3) — p2A (053, 4)+4(0; 3, 3) } ]

= [SDI_L; l 1 I SDI—Ib:l

[3DA | 1] 3D8]= (4/81) n=ipaSpet[(72/77) {pa2pA (6; 4, 4) — p2A (65 4, 3) —p2 A (65 3, 9) +A(6; 3, 3) }
4+ (1152/385) { pipst A (4; 4, 4) — p2 A (4; 4, 3) — p2A (4; 3, 4) + A (4; 3, 3) }
+(24/7) {p}pﬁA(Z; 4,4) —p2A(2;4,3) —p2A(2;3,4)+A4(2;3,3)}
+(48/35) { pip A (0; 4, 4) — p2 4 (0; 4, 3) — p2A (0; 3, 4)+ A (0; 3, 3) }]

=[3DA, | 1|3DAy]

e




ZERO-FIELD SPLITTING 2313

TasLE III. Integrals I, over auxiliary functions 4 and B.

[1Sa|2|3DM) =~ (1/27)V3 7710, p*[ (144/35) {ps?A (4; 2, 4) — A (4; 2, 3) }
+(96/7) {4 (2;2,4) — A(2;2,3) }4(48/5) {24 (0; 2, 4) —A4(0; 2, 3) }]

[2S.]2]3DA]= — (1/81)V3xip, [ (144/35) {4p2p2 A (4; 3, 4) —4p2A (4; 3, 3)
—p2A(4;2,4)+ A (4;2, 3) )+ (96/7) {4p2p2 A (2; 3, 4) —4p2A(2; 3, 3)
—p2A(2;2,4)+4(2;2,3) |+ (48/5) [4p.2p24 (0; 3, 4) —4p2A4(0; 3, 3)
—p2A(0;2,4)+A4(0;2,3)}]

[35.] 2| 3DAs 1= — (1/27)V3 7-'pa8ps 5[ (144/35) {2p.2p5°A (43 4, 4) —2p2 A (4; 4, 3) — pA (4; 3, 4)
+A4(4;3,3)}+(96/7) {20298 A (25 4, 4) = 2p,2A(2; 4, 3) —p2A(2; 3, 4) + A(2; 3, 3)}
+(48/5) {20292 A (0; 4, 4) —2p2 A (05 4, 3) — p2 A (0; 3, 4) +24(0; 3, 3) }]

(2P, | 2]

2PI]= = (1/3) wppl(48/35) (i (453, 5) - 4(4;2,3
) 2

1
+(32/7) {pa2A(2; 3, 4(2;2,3)} (16/5) PaA(0;3, 3)—A(0;2,3)}]
= —[2P0, | 2| 2P1L,]
(2P, [2[3P0,]=~ (1/15) ' pp’[ (48/35) {6p° A (4; 3,4) —Tp? A (4;3,3) +4(4;3,2) }
+(32/7) {6p* 4(2; 3,4) —Tp2A(2;3,3)+A4(2;3,2)}
+(16/5) {695*4(0; 3,4) —7p2A4(0;3,3)+A4(0; 3, 2) } ]
= —[2Pil, | 2| 3PML]

[3PIL, | 2 | 3PM0,]= — (1/75) 7S p[(48/35) {36pa2pt A (4; 4, 4) —42p.2p2 A (4; 4, 3) +6p.2A4 (4; 4, 2)
—6piA (433, ) FTpRA(4; 3, 3) — A(4; 3, 2) 1+ (32/7) {36pa2p A (2; 4, 4)
—42p2p A (2; 4, 3) +6p2A (2,4, 2) —6pA (2,3, 4) L Tp2A (23, 3) —A(2;3,2) )
1 (16/5) {36p2pit A (0; 4, 4) —42p.2p24 (0; 4, 3)+652A4(0; 4, 2) 64 (0; 3, 4)
+7p?A4(0; 3, 3) —A(0; 3, 2)}1]
=—[3PIL | 2| 3PIL,]

[2PI1, | 2| 3D, = — (2/27)V3 7' pSpsS[ (16/7) { p2B(5; 3, 4)
+(144/35) {p*B(1; 3, 4) — B(1; 3, 3) 1]
=—[2P1,]|2|3D1]

—B(5;3,3)}4(32/5) {pB(3;3,4) ~B(3; 3,3)}

[3PI1, | 2| 3D, = — (2/135)V3 1 1p.5p, 5[ (16/7
—#EB(S;3, 4)+B(5; 3,3
p2B(3;3,4)+B(3;3,3
—p,,zBa 3,4)+B(1; 3,3

— _[3PIL, | 2| 3D0,]

{692’ 0" B(S; 4, 4) —6pa*B(5; 4, 3)

§+(32/5) [6p7pr*B(3; 4, 4) —6p2’B(3; 4, 3)
}+ (144/35) {6p22p2B(1; 4, 4) —6p2B(1; 4, 3)
i

(3DIL, | 2 | 3DIL, = (4/81) 7~'pa5p,S[ (288/77) {p2ps2 4 (6; 4, &) — pa?A (65 4, 3) —pr2A(6; 3, 4)+4(6; 3, 3)}
+(432/55) { pa2p A (4; 4, 4) —p2A (44, 3) —p2A(4;3,4)+A(4; 3,3) }
—(144/35) [ p’p? A (0; 4, 4) —p? A (0; 4, 3) =74 (0; 3, 4) +4(0; 3, 3)} ]

— —[3Dil, | 2 | 3D1L,]

[2PZa |2 | 3DA,]= — (2/21)V3n'p [ (16/7) { p*B(5; 3, 4) —B(S; 3, 3)}
+(32/5) {*B(3; 3, 4) —B(3; 3, 3) }+(144/35) {$*B(1; 3,4) — B(1; 3, 3) ] ]

[3PZ. |2 | 3DA]=—(2/135)V3x'pSpu®[ (16/7) {6pa2ps?B(5; 4, 4) —6p.*B(S; 4, 3) — ps*B(5; 3, 4) +B(5; 3, 3) }
+(32/5) {6p2p2B(3; 4, 4) —6p2B(3; 4, 3) —p2B(3; 3, 4)+B(3; 3, 3)}
+(144/35) {6p.2p2B(1; 4, 4) —6p2B(1; 4, 3) — pB(1; 3, )+ B(1; 3, 3) } ]

[3DZ. | 2 | 3DA]= (4/81)V3n—pSp[ (144/77) {p2p2 A (6; 4, 4) —p2A (6; 4, 3) — pi2A(6; 3, 4) + 4(6; 3, 3)}
+(2304/385) { pa2ptA (4; 4, 4) — p2A(4;4, 3) — p2A(4; 3, 4)+ A(4; 3, 3)}
+(48/7) { paps? A (2;4,4) —pPA(2;4,3) —pA(2;3,4)+A4(2; 3, 3) }
+(96/35) {pa2ps2 A4 (05 4, 4) — pa2A (054, 3) —p2A4 (053, 4)+4(0; 3, 3) } ]
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Tasie IV. Expressions for the F,(v) of Eq. (20) for n=0, 1, 2, ---, 7.
Fo(v) =v7—ve
Fi(y)=[v1=2/v) 1+ 2/ (1+y e
4 24 22.21
Fan) =(v= o4 ) - 1+ +
A 4 v
6 72 720\ 23%.3! 6 15 15
Fy(y) = (’Y 1~ —‘+———7)+ " (1+ —+—+ )
144 2880 40320 2¢.41 10 45 105 10.
R =(v1- 2 F ) (s F2 )
o v YUy
10 240 7200 201600 3628 800\ = 25.5! 15 105 420 945 945
Fs(v) =(7 - | - )+ (14242222, +—>e—~
o7 oy Yl S \ L L
12 360 14400 604 800 21772800 479 001 600
Fo(v)={v"~ ~7 } ~® - et I v
2861/ 1 210 1260 4725 10395 10395\
% \1+7+'yﬂ' 73+7“+ v v° )67
14 504 25200 1411200 21-10! 7-12! 14!
F?('Y)';('Y_'l_ 3 f . 7 + 9 - 11 + 3 _15)
Y Y Y Y Y Y Y
27.71 28 378 3150 17325 62370 135135 135135
+ <1+ +*+ 3 + " 5 f s } 7 )e_
7 Y Y Y Y Y

If (n, I, m) is a Slater orbital
(n, 1, m) = (26)"3[(2n) T4 exp(—$7) Sum(6, ¢),

(4)
where
S1,0(6, ¢) =[(204-1) /47 P (cosh),
and
S1m(6, ¢) =[2;% %TF:'"”(CQS@)

X{{OSlmlqﬁ}, )

sin [m|¢

then the product of two Slater orbitals with orbital
exponents ¢ and {; on the same center can be decom-
posed to a sum of basic charge distributions [N, L, M]

(N, L, Mi=[(2L+1) /4= ]
XA{2E(f14-£) M/ (N4 L+1) ¥t

X exp[—[f1+51r) Se.u(6, ¢). (6)

For the cases involving the principal quantum numbers
1 and 2, all charge distributions up to ¥=3 arise. In
analogy to the AO’s, these basic charge distributions
are denoted by NS, NPZ, NPI, NPII, NDZ, NDII,
NDII, NDA, and NDA. Roothaan gives explicit ex-
pressions®? for the product of two Slater orbitals in-
volving s and p electrons in terms of the basic charge
distributions.
Thus, the integrals that are evaluated here are

Ii= [N, L, MIOLN', L', M Jetrr

~[NLM.|1|NL'MT; (7a)
j / [N, L, MIuOLN', L', M Jdrdrs
=[NLM.|2| N'L'My']. (7h)

The Fourier convolution method noted by Prosser and
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Taste V. 4(2m; 1, 1) and B(2m+1; 1, 1) in terms of Fn(v) for different charges.

A(0;1, 1) =+ (1/2) aR(F*—a?) '[BFo(B) —aFo() ]
A(2;1,1) = —(2-2) 7' 7R(B2—a’) ' [f*F2(B) —*Fa(e) ]
A(4;1,1) =+ (2-4) 7 7 R(B*—a?) [B°F1(B) —a Fu(er) ]
A(6;1,1)=—(27-6) "' 7 R(8*—a’) 7'["Fs(B) —a’Fi(a) ]
B(1;1,1)=—(221)"'n (B ~a*)"'[B*F1(B) —a’F1(a) ]
B(3;1,1) =+ (2*-3)) (8 —a?) 7[B°Fs(B) —a*Fs(e) ]
B(5;1,1) = —(2%5) 7 (F—a?) '[8"Fs(B) —a’Fe(a) ]

Blanchard®® for one-electron two-center integrals, and
used by one of the authors recently for one-electron
two-center integrals over solid spherical harmonics'
and for two-electron two-center integrals® is employed
here. For the two-electron case, this method states
that if we have the integral

7= [F() g0 h(xs) s (8)
then the integral is recovered by
7= @m0 @ () (k) exp(—ik-R)dk, (9)

where the superscript T indicates the appropriate
Fourier transform,

#(1) = [ explik-r)g(r)dr, (10)

Tasie VI. A(2m; 1, 1) and B(2m+-1; 1, 1) in terms of Fa(v)
for equal charges.

A(0;1,1) =+ (22 1) "w Ry [¥*F1(7) +2Fo(v) —7]
A(2;1,1) = —(25:3)'r Ry[y*Fa(v) +18F2(v) —7]
A(4;1,1) =+ (27-5) 7w Ry*[v*Fs (v) +50F4(v) —v]
A(6;1,1) = —(2°-7)"'w Ry’ [v*F(v) +98Fs(v) —7]
B(1;1, 1) = — (24 2) 'y [y?Fa(y) +12F:(v) =71
B(3; 1, 1) =+ (2%-41)~'ry*[y*Fa(v) +40F3(v) —v]
B(5; 1, 1) = — (28 6)'my*[v*Fe(v) +84 Fs(v) —7]

1 F.) P. Prosser and C. H. Bianchard, J. Chem. Phys. 36, 1112
(1962).

U M. Geller, J. Chem. Phys. 39, 84 (1963).

15 M. Geller, J. Chem. Phys. 39, 853 (1963).

k, u, and v are the spherical coordinates of the & vector,
and R is the distance between the two centers a and b.
In the one-center case (R=0), the integral is given by

J= o [rEsmrdodk (1)

For further details concerning the evaluation of the
transforms, the reader should consult Ref. 14.

III. RESULTING INTEGRALS OVER AUXILIARY
FUNCTIONS

By the application of Eq. (9), we can write the
integrals of Eq. (7) as

Li=2m)" %[N, L, M ].TO"[N', L', M" }s"

X exp(—ik-R)dk, (12a)
L=2x)2|[N, L, M1,"0™[(N’, L', M'J5e"

X exp(—ik-R)dk. (12b)

To evaluate Eqgs. (12), we need the transforms of Oj,
0, and of the [N, L, M. From Eq. (11) of Ref. 1416

OT= —4 7w Py(cosu); (13a)
O."= —4 7 P2(cosu) cos2y, (13b)
and from Eq. (18) of Ref. 14:

.PLl'"‘(cosu){cos | M | v}
(B4p2) M+ |sin | M | v

STy N+L+1\(s+L) '<f
X,Z;‘o( 2 (2s+2L+1) s!

[N, L, M= 4

P>28+L’ ( 14)

16 Reference 14 contains further details and definitions of all
the quantities presented here.
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TaABLE VIL £,?(v) polynomials of Egs. (26) for selected m and p values,

k() =1

kO(y) =147

3 3
kL (y) = 1+‘+*2;
Y Y

3 6 6
k21(’7) = 1+‘+—2+—‘3
R G 4

4 12 24 24
kz2(7)_1+ + +_+

6,24 72 144 144
MO =1t+ 5o+ 75

15 15
k) =14 + e

5 15 30
Bin) =1 +_

5 20 60 120 120
R v

6 30 120 360 720 720
ky) 4+t —+—+—+—
Y Y it Y Y

10 45 103 103
RO =14 b0

10 55 195 420 420
k4l(7)”1+ + +—‘+ v +F

/5 360 1200 2520 2520

k42(7)’_1+ + ,ys v + b S

13 108 660 3000 9720 20160 20 160
k43(7)“—1+ + > + 3 F " ; s f Y } 7
Y Y v Y Y Y

15 105 420 945 945
G I S

14 105 525 1785 3780 3780
k51(7)’1+_+'—+’_+ v + 75 + 76
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TasLe VII (Continued)
14 119 735 3360 10920 22680 22680
k?(v) = 14—+ Tt — +— 7
Y Y Y Y Y Y
15 147 1092 6300 27720 88200 181440 181440
ke*(y) =1+—+ 2 t 3 I 4 l + 6 { 7 8
b4 Y Y Y Y Y Y
21 210 1260 4725 10395 10395
) =1+—+—F+—F+—F+—Ft—7%—
Y Y Y Y Y
21 231 1680 8505 29295 62370 62370
kA (y) = 1+ b o b
Y Y Y Y Y Y
22 273 2373 15225 71820 238140 498960 498 960
ke (v) =1-+—+ 2 + 3 + 4 + 5 s l 7 8
Y Y Y Y Y Y v Y
24 339 3465 27090 163170 740880 2404080 4989600 4 989600
ket () =14+—~+ LI R +— 3 ; 7 'S 3
Y Y Y Y Y Y 4 Y Y
where Making use of the auxiliary functions
. N+ L4+1\|? ] _-/‘°° k*jom(ER) dk
— 92L+1; Lp2N+42 1 AQ2m; = 16
A= LN (21) T [( o )] Cmi0,0)= | am g (19
and
(L—| MI)!]* ©  Eomi(kR)dE
x[——— [2(148m0) 1, B(2m+-1; p, =/ m 1
(L+ | M|)! ’ Gmt1i20= ) et LD

P=f1+§2,

and s, is the largest integer in (N —L). For conveni-
ence, Table I lists the specific transforms of [NV, L, M]
for all cases through N=3.

The next phase in the evaluation of Egs. (12) is the
formation of all the products [N, L, M]4T01:TX
[N,) LI; M,]WT; €.g.

[150aTOT[18 Je™= — 4 7wpa'ps* (24 pa7) 2
X (k24 pe2) "2 P2 (cosu) cos2v.  (15)

Once these products have been obtained, it is easy to
derive the selection rules for /; and I5:

(A) I vanishes unless M = M’; thus the only remaining
terms are those in which we have SS, SZ, Z3,
ILIL I, AA, or AA.

(B) I vanishes unless we have either S, ZA, IIII, or
II11.

where j,(x) is a spherical Bessel function,'” we can
express all the nonvanishing integrals of Egs. (7)
(through N=3) in terms of the 4 and B auxiliary
functions defined above. The results for I, are collected
in Table IT and the results for 7, in Table III. From
Tables II and IIT we see that all the integrals are ex-
pressible in terms of A(2m; p, q), where m=0, 1, 2,
and 3; and B(2m+1; p, ¢) where m=0, 1, and_2; and
p and ¢ take on values up through p=g=4.

IV. EVALUATION OF AUXILIARY FUNCTIONS

The auxiliary functions 4 (2m; p, ¢) and B(2m--1;
$, q) of Egs. (16) and (17) can all be generated from
the primitives 4(2m; 1, 1) and B(2m+1; 1, 1) by the
use of the following generating formulas:

AQ2m; p+1, ¢+1) = (—3R) P plgl ]
X[a(9/3e) 1P[87(3/98) 124 (2m; 1,1); (18)

17 See A. Erdelyi, W. Magnus, F. Oberhettinger, and F. G.
Tricomi, Higher Transcendental Functions (McGraw-Hill Book

Company, Inc., New York, 1953), Vols. I, II for definitions and
properties of all the special functions utilized here.
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Taste VIIL A (2m; p, ¢) and B(2m+1; p, ¢) in terms of kn? (y)—case of different nuclear charges (a8).2

4(053,2)=— m[e—ﬂ{%[w—a?)ﬂ—lJr 48)[(F—at) T}

_e_"{%[(ﬁz_“g)“]‘l— (20 [(F—a)* T+ (16a2>“l(§;_(2)z”

k(8) }

A<0;3,3>——WR9[ “"{3[(62—a Tt E(ﬂ?—a2>4j—1+<1652>—1( o

4(0;4,2)= "Rg[e_ﬂ{2[(62—a2)5]“+(46)“[(62—a2)"]"}

— e ALt T~ L —at) T (8 o — (960
A(0; 4, 3)—le1[ ‘5{5[(62—a2)°]“+(6)“[ 62—a2)5]"+(1662)“(kl (mz) }
—e*“{SE(BZ—oﬁ)5]‘1———[(62—a2)5] ‘+1§ : (;; (a2)4 —(96013)"(;:0_(2)3}]
A(0; 4, 4)=er[e—ﬂ{10[(32—a2)7]—1+%[(62—a2)6]—1+(462)"1(;’36 2)5+< 65°) ‘(k2 <BZ)}

5 1o a 2 &
R L s T e T e

38 Rk(B)
2 (62 2) 4

DR L
2 (F—et

B(1;3,2)=— Rﬁ[ —ﬂ{ +%[(62—a2)3]“‘}

—3L(8—a?)* T+ (16a) [ (8*—a?) 2]“}]

) _ _ BB _ _ -
B(1; 3, 3)*"7FR8[8 ﬂ{35 +iL(B—a?) T+ (168) I [(B2—a?)*] 1}

(B —a)® "
k° (a)
B2—a?)b

-— e—a

%[(32_0‘2)4]—1_‘_ (16a)—1[(52—a2)3]"]:|

3a
{ (B—a2)®

. =g RY e ! (ﬁ) 2 _o2)4 !
B(1;4,2) R[e ﬁ{26(62 2)5+ iL(BF—ar)'] }

- klo(a) 3 _ _ k(a) ]
e —3[(B—a2)* ] ) (B2 —a2) 31— -1t
| A= T (e LT — (00 o
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TasLE VIII (Coniinued)

ki (5)

. =1 10] ,—8.

e TLE~ 2)5]“+(166)“[(62—a2)4]_1}

_e_a{s"‘ klga) [(62—a2)5]—1+——[<62—a2>4]—1 (96a2) -1 A1) H

(62 2)6 (ﬁ?_a2)3
B(1; 4, 4)=rR‘z[e“’{lOB(BzO(Bzy-l— (5 =a) T+ (49) L —a) T+ (968 B (62)}

‘e‘“{“’“ k‘_(‘;i), 50 (57— a®) T (40) [ () = (96at) 1) H

G @ —a)
425222~ sR| {w; 9 l(ki(ii)z}_e_“{ s _(4“)_1<§:ZZZ>2} Sl
4033, = e AT T w0 )

Bl e =G = =N TN

Lf BB 3 kB) L,k B)
A(2;3, 3)=WR9[e B{ (6:__0‘2)54—4—6 0 6: 2)4+(1662) ‘(622_a2)3}

_ k' (a) 3 kla) LA } 3 - ]
. _— 1602)2 2 638)~1
. {3(32_a2)5 o e (1600 a8

A(2;4, 2)=—7rR9[e‘5{2 ) a9

E=ap ) (pma
L L S W
s nfe i e 0
0 {5(;322)6 23; g—(z)>1637<§—(z)> _(96“3)_7;;?2)3}_%“856)_1]
AZS D= _”Rw[ { k2—i2>’ 256 (Bk: (62)6“ ) 1<k22(ﬂ2>5 (968 )*(g—(i))}
{0~ 2 i () G ~ O G 3|

B(33 2)=n [_,,{36 BB 1 KEG }
s Yy 2 (32_(12)4 4(62_0‘2)

_—ai‘f k(o) _l kal(a) B - ks (a) } " 64_1]
’ {2 (62'—02)4 2 (62_ 2)3 I (16 ) (Bz—az)‘l =+ (a ﬁ)
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TasLE VIII (Continued)

k2(B) 3 k'(B) oy Kk(B)
M = —B. — -
B(3;3,3) WRS[e {Sﬁ T i et 19 az)s}

—e® k3°(a) _é k;;‘(a) o) ! k32(a) } 15 (838 —1]
€ {3u(62_a2)5 4 (ﬁz—a2)4+(16 ) (ﬁ2—a2)3 + 2 aﬁ)

(BB 1 kAB) }
B(3:4,2)=—7R8 e B2 -
(34, 9)==x [e {’3 T 4 (F—a)’

Ed(a) 3 ks'(a) o ki (a) oy k(@) }__15_ 84 —1]
{ o @ ety O e )
K@) | k) _ BB }
B(3;4,3)=—nRY + :
R b L= S =
B (a) 3 kie) | 3 kf(a) B kﬂa)} ? _]
—ar. 5& — a? 1~ ~ <7 t__ 15 806
{ B1—a?)b 2(32—a2)5+16a( )4 —(964%) (B—at)? 2 (a9) 7
' ol 10g B 5 kB _ k2(B) 0 }
3. =— gz R?| o8 1 2) —1
B(3; 4, 4) R[ {10[3 2)7 2 (- 2)6+(4B) (62—a2)5+(%ﬁ) B —at)*
—a ks’(e) 5 _ki(a) o kie) (@) — (96a2) ki'(a) }_.15_ " —1]
{0 — S e G — 06 e
3 kO(B) ki (8) }
A4;3,2)=—7R'|e?
4 2) [e { @t ey
a3 Ra) ) ki () o) ki (@) }
R

{48 (") 74105 (a8 -1 (228 }]

, __ gl R(B) 3 R(B) )
A(4;3,3)= 1rR9[e 5{3(32—a2)5+4ﬁ (62-—a2)4+(166) 1(62— 2)3}

|, B(a) 3 ko) _, kd(a) }
—_pa 3 —_— 16a2 1
s i a1

{303+ 25 )+ 248 (09 |

[RGB ) }
A(4:4,2)— 7R e #2 + (4 1
(4:4,2) == [e {(62—a2)5 Ty
B kL (a) 3 kia) _ ki () _ ki (o) }
— a 2 _—— _I[_ 2 1 — a3 ) SRR,
€ { (62_a2)5 4a (62._a2)4 ( ) ( 2)3 (96 ) (BZ__a?)?

+ {%5_(&854)—1__105 (aSﬂG)—l_210<a1064)—1}:'

e
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TaBLE VIII { Continued)

2321

. BL(B) kd'(8) k(8) }
. = g RU1 8§ ———— " — 1 1632)—1
449 R[e {wﬂ ST 2)5“ B e
L[ B 3 k@) 3 RMe) o ki) }
¢ {5(62_042)6 20 (ﬁz—a2)5 16(12 (62—'0‘2)4 (96 ) (62_0!2)3

8l 245 ()1 210(9 |

BB 5 k) k) k(B) }
. — Rl o8 el oy 14 \D/ 3\ —1
A(4;4,4)=7R [e {10(32 2)7+25 (82— 2)6+(4B) (62—a2)5+(96> (B2—a?)*
[ k@5 k@ po k) k@)
O e e e G~ O
() 21091 210(e3) |
B k(B) 3 k(B) _, k(B) }
N —_— 8| 8. _ ] > 7
B{5: 5, 3) “R[e [33 a4 E—ai ) e
_ k(o) 3 kl(a) k@) }
—_ a, 1 1a 1
¢ ls"‘wz—a?)s 1E—ati 0 gy
A ) S 03 25 i |
o BB, k) L E) }
=g R i 1 N
B(5;4,3) RO[ {Sﬁ( 2)t,,+(/32 2)5+( 68) oy
B ks (a) 3 ksl(a) 3 ks?(a) . kde) }
—_ ! S — 60(2 1
¢ {5 (B2_a2)6 2(32_a2)5 16a (B?_a) (9 ) (62___a2)3

(A (a8 35 09 2515 ) |

B(5;4, 4):7FR12[8_5{103 kso(ﬁ) +§ k5l(6) +( .3) -1 (B) +(9662)_1 k53(18) }

Fa) 2 Fa)s ) (e et
B k(o) 5 ksi(a) _, ki) _, kd(a) }

el 10a 2 1 — (9602)~1—2rT
¢ {10 (B—a?)? 2 (B2_a2)6+ (4a) (B2—at) ( ) (B —a?)*

+ { 105 (aSBSJ —-1__ 1890 (aIOﬂS) —-1__ 1890(a8310) —1}]

(RB 3 k) k2(8) }

A 3,3)=aR% e? = oy —1._ 8 \P/S
(63, 3) [ {mﬂ 2148 o)t LB T gy
. kﬁo(a) 3 kel(a) ket (04) }

— a3 62 -1 7
{<32— e T ) gy

+ { 4% (af35) 1 — 2525 (o886) 1 — 2522 (o 558)—1}_;_{10933( 6 9 .6

1066 a858 aﬁﬂlo

)
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TasLe VIII (Continued)

— {2 (a6%) 1 — 945(&10138)_1—945(048610)‘1}—10935{ SR B }J

o k" (8) kst (B) ke (B) }
. - _ 11} ,—8 100 1682)
A(6;4,3)=—1=R [e {5(62 )+(5) 7 )+( 66%) F—at)t
e @) 3 ki(e) | 3k (a) oy ké(a) }
‘ {“(62—a2>6 20 Bt 160t (F—at) 0 (e

—H"cf"(a"ﬁ“)‘l—ﬂ:r?—s(a“’ﬁ“)“—28435(a868)“}—{10935/ o +22 ¢ )H

2 \a1266 al088 ' o8B0

_ k(B8) 5 kd(B) ks (B) ksa(ﬂ) }
. =—aRY 810 =~ 482y 12> 683) 11— "7
A(6;4,4) R [e {1 (B”-a2)7+26 Tvor (48 (F—at) -+ (966%) P—at)t
_ k(a) 5 ki'(a) ke* (o) _, k() }
—_—p—a 0 —_—— + 2y~ 96 =l
° {1 B—at)?  2a (B—a?)" (a')” (B2—a?)® —(96) (B2—a?)*

a12‘38 a]OBlO a8612

and
B(2m+1; p+1, g+1) = (—3R) [ plg! 1
o1(8/8a) JP[B71(9/08) 1B (2m+1;1,1), (19)

where in Eqs. (18) and (19), a=p.R and 8=p,R.
For the evaluation of 4A(2m; 1, 1) and B(2m+1;
1, 1) it is useful to define one further auxiliary function

1
Fin=[ (1=p)rexp(—mdy,  (20)
0
which has the differential recursion relation
(8/0v) Fu(v) =3 (n+1)7[yFanu(y) —11. (21)

From Appendix A, the following analytical expression
can be derived for F,(vy)

Pu = (-1} ) 2y

= (—1)m2raly™(2/ 7y) Ky (v), (22)

where K,43(v) in Eq. (22) is the hyperbolic Bessel
function!” of half integral order. Table IV lists the
explicit expressions for F,(y) (=0, 1, 2, -+, 7) that
are needed in the evaluation of 4(2m; 1, 1) and
B(2m+1;1,1).

As derived in Appendix B, the primitives A (2m;
1, 1) and B(2m+1; 1, 1) can be expressed in terms of
the F,(v) functions defined in Eq. (20):

4(2m;1,1) = (=) rRE#[(2m) ] (6 —at)
X (8 o (B) = Fam(c)§, (232)

—

B To obtain 4 (2m; ¢, ) from A(Q2m; p, ¢) and B2m—+1; ¢, p) from BQm+1; p, ¢) interchange o and 3. (a—f; S—a).

and
B(2m+1;1,1)=(—1)"1 g2 (2m+1) I ]!
X (B2—a?) B3 F 1 (B) ~a?™* Fompa(a) }, (23b)

for the case of different effective nuclear charges
pa#pp (and therefore a7#p) and

A(2m; 1, 1) = (= 1)mx R2-2m=3[ (2m~+1) | Ty 2m1

XAV Fomp1(v) +2(2m+1)2Fon(y) —v}  (24a)
and

B(2m+1;1,1) =(—1)mHg22m—4[ (2m+42) I
X 2'"“{ 2F2m+2(’)’)+2(2m+2) (2m+3) F2m+1(’)’> 'Y}
(24b)

for the case of identical effective nuclear charges
pa=p» (and therefore a=B=v). Table V gives the
explicit expressions for 4 (2m; 1, 1), (m=0,1, 2, and 3),
and B(2m+1; 1, 1), (m=0, 1, 2) in terms of the
F.(v) functions as derivable from Eq. (23) for the
case of unequal nuclear charges and Table VI gives
the corresponding expressions derivable from Egs.
(24) for equal nuclear charges.

A final simplification of the resulting formulas is
achieved if we define the following polynomials in 1/

i (+m)

BX(y)=(x/2v) YK py(v) =2 —————(2v)™,

(25)

) !

and
kon? (v) =v*'[1—(8/0y) " Phan® (7)) ; (26a)
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TasLe IX. A (2m; p, ¢) and B(2m+1; p, ¢) in terms of k.? (v) case of equal nuclear charges (a=g).

A(0;3,2)= (412517 Ry kL (v) e

A(0;3,3)=A4(0;4,2) =52 17 Rk (v)e
A(0;4,3)=(6127)" 1 Ry (y) e
A(0;4,4)= (712910 Ry Tk (v) e
B(1;3,2)=(4125)"1q Roy 3k (v)e™

B(1;3,3)=B(1;4,2) = (5125 r Ry~ (v) e
B(1;4,3) = (6127) " s R0 (y) e~
B(1;4,4) = (7128~ R2>y~5kQ(y) e
A4(2;2,2)= —wRL(312) ki (v) e — (3/2)v ]
A(2;3,2) = —wR'[(4125) "y ke (v) e — (3/2)v™]

A(2;3,3)=A4(2;4,2) = — mR[(512%) "y ke (v) 77— (3/2)v ]
A4(2;4,3)=—7RU[(6127) 7'y %kt (v) e — (3/2)v ]
A(2;4,4)=—aRL(T125) 7y TR (v) e — (3/2)y €]
B(3;3,2) = —aRL(412%) vk (v) e — (15/2)y ]

B(3;3,3)=B(3;4,2) =—aR[ (5125 *kd (y)e7— (15/2) v 2]
B(3;4,3) =—aRCL(612") vk (y) e — (15/2)y™]
B(3;4,4) = —wRO[(712%) "Wy %" (v) e — (15/2)v™*¢]
A(4;3,2) = 7R [(4125) 7y ~*ke (v) 7+ (15/4) v 10— (525/2) v 2]

A(4;3,3)=A(4; 4, 2) = wRO[(5128)~1y~5ks(v) €7+ (15/4) y 12— 315y14]
A(4;4,3)=nRU[(6127) "y SksS(v) e+ (15/4)y 14— (735/2)v*¢]
A(4;4,4) = wRE[(7125) "y "ky (v) 7+ (15/4) y 16— 420y 8]
B(5; 3, 3) = 7 R (5126)~y4ks5 (v) €7+ (105 /4) 12— 2835y~
B(5; 4, 3) = w RO (6127) "y 5k;8 () e+ (105 /4) y~ — (6615/2) y~1¢]
B(5; 4, 4) = 7 R2[ (7128) 2y 857 () e+ (105/4) y 16— 3780715
A(6;3,3) = — R (5128) 1y ~5k (7)€Y — (105/16) v~ 12+ (2835/2) y~4— (218 295/2) y~16]
A(6;4,3) = — w RI[(6127) "y ~ked(y) e~ — (105/16) v+ (6615/4) 15— 145 530y~15]
A(6;4,4) = — x RB[(7128)~1y~"ks7 (v) 7 — (105/16) "5+ 1890y~ 8— 187 110y~2"]

* Since a=f="y, the following identities hold: 4 2m; p, ¢)=A (2m; q, p) and B2m+1, p, ¢y =B(2m+1, q, p).

and values are needed but are not listed due to the cumber-

Fonst®(v) =v72[1— (3/37) Ty*~"kans?1(v). (26b) is'f(i: E((;t;t.ﬁglze;t.s, though these can easily be obtained
Table VII is a partial collection of some of the %,2(y) The extensive tabulation of all the 4 (2m; p, ¢) and
needed in this study. This table contains all the poly- B(2m+1; p, q) needed for integrals I; and I, of Egs.
nomials needed for the case of unequal nuclear charges. (7) as shown in Tables II and III is presented in
For the case of identical nuclear charges, higher p Table VIII for the case of different nuclear charges
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TaBLE X. One-center integrals I; and I;{R=0) —different nuclear charges.

[1Sa|1]3DZ,]= (1/180) ptps* (pat p5) 7+ (1/45) patps* (pat ) ~°
[2Sa]1]3DZa]= (1/180) pu'ps? (pu-t 1) 74+ (1/45) pa'pe* (pat £5) 5= (1/27) pu'ps® (pat p5) 8
[3Sal 1] 3DZ, 1= (1/180) papu(patps) =+ (1/36) pa*pu* (pat ) ~0— (1/18) papsd (pat-10) ™7

[2PZ,] 1| 2PZ,]=(1/15) pa*ps*(pat ps)*

[2PZ, [ 1| 3PZ]= (1/15) pa'ped (pat-p)

[3PZ:| 1| 3PZ]=1(2/25) p>peS (patp5)~7
[3DZ,|1]|3DZ,]=—(2/189) pps*(pat ps) 7

[2PIL | 1| 2P, ]=[2P11. | 1| 2PIT,]= — (1/30) pa'ps* (patps) ~°
(2P [ 1] 3PIL]=[2PI, | 1| 3PIL]= —(1/30) pa*pe* (pa+tpr)~*
[3PI, | 1| 3P, =3P, | 1|3PT.]=— (1/25) p5psS (patps) 7
[3D1, |1 | 3DI,]=[3Dil, | 1 | 3D, ]= — (1/189) pa3ps’ (patpo) 7

[3DA; | 1|3DAJ=[3DAa | 1| 3DA.]=(2/189) p*ps(pat-p5) 7
[18a]2]3DAT=(2/45)V3pa'pst (patps) 5+ (1/90)V3patpu*(patps)
[28a |2 3DAT= (1/90)V3pa*pi* (patpo) ~*+ (2/45)V3pa* bt (pat £5) > — (2/27)V3 pu* 94 (Pt 1)~
[35.12 | 3DA]= (1/90)V3paps* (patps) 4 (1/18)V3pabpi (pat ) =8 — (1/9)V3Ds*05* (pat )
(2P| 2| 2P, ]=—[2PIL, | 2 | 2PTL,]= (1/5) pa'ps* (patps) =
[2PIL, | 2| 3P ]=—[2P1L, | 2| 3PIL.]= (1/5) patps’ (pat ps)
(3P| 2 | 3PIL]=—[3PIL. | 2 | 3PIT.]=(6/25) paps°(putps) 7
[3DIL, | 2| 3D, ]=—[3D1L, | 2 | 3D )= —(2/63) paSps (pa-tpv) 7

[3DZ,| 2| 3DA]= (4/189)V3pa5pe® (pat ps) 7

and in Table IX for the case of equal nuclear charges
in terms of the polynomials £.7(v) defined by Egs.
(25) and (26) and tabulated in Table VII.

V. ONE-CENTER RESULTS

For the one-center case, we have, from the properties
of spherical Bessel functions,

72(0) =8y, (27)

so that the only terms contributing to the one-center
result are those in which the terms 4 (0; p, ¢) arise.
This is equivalent to the additional selection rule
| L+ L' | =2, 4. The final results for the one-center
case with different nuclear charges are presented in

Table X and for the case of equal nuclear charges in
Table XI.

APPENDIX A: EVALUATION OF F,.(v)
From Eq. (20) of the text, F.(vy) is given by

R = [(=ppremdy. (AD

This integral is equal to

Fu(n) = [ =yyremiy— ["(1—yyremay. (a2)
0

For the first term in (A2), after expanding (1—y%)"
by the binomial expansion and integrating termwise,
we obtain

f "=y e mdy=3(~1) k(”) f "y,
0 k=0 k1 J

=B (@)

For the second term in (A2), noting that an integral
representation of the hyperbolic Bessel function Ka4y is

Kan(Z) = (3Z)Hmd ) [ en(y2—1)ndy, (A4)
1
we finally obtain

/1m(1—y2)"e—Wdy= (—1)"2nn!~r"< 2 )éKrH_*('y). (A5)

Y




ZERO-FIELD SPLITTING 2325

TasLE XI. One-center integrals I; and Io (R=0)—equal nuclear charges.»

[15.]1|3D=,]=(1/960) p*

| [25.]1]3D=z,]=(1/2160) p?

[3S.]1]3D=.]=(1/5760) p
[2PZ,|1]|2PZ,]=(1/480)p?
[2PZ,|1]3PZ,]=(1/960) p?
[(3P2,[1]3PZ,]=(1/1600) p?
[3DZ.|1]|3Dz,]=—(1/12 096) p*
(2P, | 1] 2P0,]=[2P1,|1]|2P0,]=—(1/960) p?
(2P, | 1| 3PN,]=[2PI, | 1| 3PIL,]= — (1/1920) p?*
[3PI, | 1| 3PN,]}=[3PI,| 1| 3PI]=—(1/3200) p*
(30N, | 1| 3DN,]=[3D1, | 1|3DI,]=—(1/24 192) p?

[3DA.| 1] 3DAJ=[3DA,|1]|3DA,]= (1/12096) p?
[1S.] 2] 3DA.]=(1/480)V3p*
[2S,]2]3DA,]=(1/1080)V3p?

[3S:] 2] 3DAs]=(1/2880)V3p*

(2P, | 2| 2PI,])=—~[2PI, | 2| 2PII,]= (1/160) p?

(2P, |2{3P0,]=—[2PI1, | 2| 3PII,]=(1/320) p?

(3P| 2| 3P0,]=—[3PI, |2 |3PII,]=(3/1600) p*

[3DIL, | 2 | 3DI,]= —[3DIl, | 2 | 3D11,]= — (1/4032) p*

[3DZ,] 2| 3DA,]= (1/6048)V3p*

® The nuclear charges pq and pp are equal to p. (pg=pp=2.)
Thus, taking the difference of (A3) and (AS), we have
Eq. (22) of the text.!8

APPENDIX B: DERIVATION OF A(2m; 1, 1) AND
B(2m+1; 1, 1) IN TERMS OF THE F.(y)

Equation (16) of the text, when p=g¢=1, is given by

L [®  Bjm(kR)dk
Aemt = [T B

Using the integral representation of 7,(x),"”

(B1)

o) =12 [ (1=9)7 cosaydy. (B2)
0

In Eq. (B1), inverting the order of integration, and
integrating over k, noting that

w  RIm+2 cosk Rydk
o (F+pa) (B+p7)
X { g™ exp(—pRy) —p™ exp(—paRy) },

=(=DmG7) (55— p) !

(B3)

' The author is indebted to S. Boorstein for this simplified
derivation.

we have
AQ2m; 1, 1) = (- 1) g R2721[(2m) | T (B2—a?) 1

X -/’CD( 1— yZ) 2m{62m+le—ﬁy _a2m+le—ay } dy’ (B4)
0

where in Eq. (B4) we have replaced poR by 8 and
paR by a. Using the definition of F.(y) as given by
Eq. (20) of the text, Eq. (23a) is immediately ob-
tained. A similar application of the integral representa-
tion Eq. (B2) for jomt1(ER), followed by inverting the
order of integration and using Eq. (B3) appropriately
leads to the result quoted in Eq. (23b) for B(2m+1;
1, 1).

Equations (24a) and (24b) of the text follow in a
straightforward manner by choosing p,R=p,R=4,
using Eq. (B2) and the analog of Eq. (B3) in the case
when p.=ps

/w k?™*2 cosk Rydy
o (B+p)?

=(=D"Gm) {2m+1—ay}pt~e. (BS)




